Abstract. In this paper, we have given a criteria for the existence of common fixed point for pair of mappings in 2-metric spaces and establish common fixed point theorems for certain class of contractive type mappings. The results presented here, generalize some well known fixed point theorems given in the literature.
INTRODUCTION
In the 1960's, Gahler introduced the notion of 2-metric space [9] [10] [11] , whose abstract properties were suggested by the area of function in Euclidean space. Iseki [16] set out the tradition of proving fixed point theorems in 2-metric spaces employing various contractive conditions. Akram et al. [3, 4] have introduced a large class of mappings called A-contractions, which is a proper superclass of Kannan's [18] , Bianchini [6] and Reich [19] type contractions. Ahmad [1] , Debashis Dey and Mantu Saha [7, 20] , Fathollahi [8] and Vishal Gupta [12] proved very useful common fixed point results in complete 2-metric spaces. Akram et al. [2, 5] gave results for self maps satisfying A-contractions in the setting of G-metric spaces. Some other results [13] [14] [15] in different type of metric spaces are also proved as a generalization of Banach contraction principal.
PRELIMINARIES
Definition 1 ( [9] ). Let X be a non-empty set. A real valued function d on X X X is said to be a 2-metric on X if, (i) for given distinct elements x; y of X , there exist an element´of X such that d.x; y;´/ ¤ 0; (ii) d.x; y;´/ D 0, when at least two of x; y;´are equal; (iii) d.x; y;´/ D d.x;´; y/ D d.y;´; x/ for all x; y;´in X; (iv) d.x; y;´/ 6 d.x; y; w/ C d.x; w;´/ C d.w; y;´/ for all x; y;´; w in X . This paper is in final form and no version of it will be submitted for publication elsewhere. for all x; y; u in X and someˇ2 OE0;
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(2) for u 6˛.u; v; v/ Dˇmaxfu C v; v C u; v C vg: We consider the following cases:
In this case by the virtue of equation (3.1)
that is, u 6 kv with k D1 ˇ2 OE0; 1/:
In this case u 6 kv, with k D 2ˇ2 OE0; 1/. Similarly, when we have either u 6˛.v; u; v/ or u 6 .v; v; u/, then u 6 kv for some k 2 OE0; 1/. Hence, for all x; y; u 2 X. Then fT n g 1 nD1 has a unique common fixed point in X. Proof. Consider x 0 2 X arbitrarily, then for each n 2 N; we define x n D T n x n 1 : Now,
We get from (3.3) and (3.4),
Proceeding in this way, we get d.x n ; x nC1 ; u/ 6 k n d.x 0 ; x 1 ; u/: (3.5)
Next we prove that
D˛OEd.x n ; x nC1 ; x n /; d.x n ; x nC1 ; x n /; d.x nC1 ; x nC2 ; x n / 6 kd.x n ; x nC1 ; x n / for some k 2 OE0; 1/:
From (3.6) and (3.7), we get,
Again, by using the property (iv) of Definition 1,
Similarly, we can show that, d.x nC3 ; x n ; x nC1 / D 0 and d.x nC3 ; x nC1 ; x nC2 / D 0:
d.x nC2 ; x nCrC1 ; u/. Continuing in the same sense, we get,
for any integer p. So we have, for any integer p > 0,
Hence fx n g is a Cauchy sequence in X and so by completeness of X, fx n g converges to a point´2 X . Now,
D˛OEd.x n ;´; u/; d.x n ; x nC1 ; u/; d.´; T n´; u/ : Taking limit as n ! 1, we get (ii) X is complete 2-metric space with respect to d ; (iii) S; T are self maps on X such that T is continuous with respect to d and ı.T x; Sy; u/ 6˛OEı.x; y; u/; ı.x; T x; u/; ı.y; ıy; u/ for all x; y; u 2 X and for some˛2 A. Then S and T have a unique common fixed point.
Proof. For an arbitrary point x 0 2 X, define a sequence fx n g X as follows:
For every non-negative integer n, and for all u 2 X, ı.x 2n ; x 2nC1 ; u/ D ı.S x 2n 1 ; T x 2n ; u/ D ı.T x 2n ; S x 2n 1 ; u/; then by the above inequality (iii) 6˛OEı.x 2n ; x 2n 1 ; u/; ı.x 2n ; T x 2n ; u/; ı.x 2n 1 ; S x 2n 1 ; u/ D˛OEı.x 2n ; x 2n 1 ; u/; ı.x 2n ; x 2nC1 ; u/; ı.x 2n 1 ; x 2n ; u/ 6 kı.x 2n 1 ; x 2n ; u/: (3.8)
Again consider,
ı.x 2n 1 ; x 2n ; u/ D ı.T x 2n 2 ; S x 2n 1 ; u/ 6˛OEı.x 2n 2 ; x 2n 1 ; u/; ı.x 2n 2 ; T x 2n 2 ; u/;
ı.x 2n 1 ; S x 2n 1 ; u/ D˛OEı.x 2n 2 ; x 2n 1 ; u/; ı.x 2n 2 ; x 2n 1 ; u/; ı.x 2n 1 ; x 2n ; u/ :
ı.x 2n 1 ; x 2n ; u/ 6 kı.x 2n 2 ; x 2n 1 ; u/ for some k 2 OE0; 1/:
From (3.8) and (3.9), we conclude ı.x 2n ; x 2nC1 ; u/ 6 kı.x 2n 1 ; x 2n ; u/ 6 k 2 ı.x 2n 2 ; x 2n 1 ; u/:
Continuing in this way, we get
In general, ı.x m ; x mC1 ; u/ 6 k m ı.x 0 ; x 1 ; u/ for all u 2 X: (3.10) Now, we claim that ı.x 0 ; x 1 ; x n / D 0 for all n 2 N. Clearly it is true for n D 0 and n D 1. Based on mathematical induction, let it be true for 1 6 n 6 l 1, then
Thus we have ı.x 0 ; x 1 ; x n / D 0 for all n 2 N: (3.11) Hence (3.10) and (3.11) shows ı.x m ; x mC1 ; x n / D 0 for all n; m 2 N. Now, for n > m, we have
Thus by condition (i),
for all n; m 2 N with k 2 OE0; 1/. So fx n g is a Cauchy sequence in X with respect to d and hence by condition (ii), d.x n ; x 0 ; u/ ! 0 for some x 0 2 X and for each u 2 X. Since T is given to be continuous with respect to d , we have, for some x; y 2 X with some˛2 A, where ' W OE0; 1/ ! OE0; 1/ is a Lebesgueintegrable mapping which is summable(i.e with finite integral) on each compact subset of OE0; 1/, non-negative and such that for each > 0;
Then fT n g 1 nD1 has a unique fixed point in X. Proof. Let x 0 2 X be arbitrary and for each n 2 N define x n D T n x n 1 . Now
By definition of˛, we get
for some k 2 OE0; 1/ as˛2 A. Again,
from equation (4.3) and (4.4), we get
Proceeding in the same way, we have
Taking limit as n ! 1, we get lim
which from (4.2) implies that lim n d .x n ; x nC1 ; u/ D 0.
We now show that fx n g is a Cauchy sequence.
Consider,
d .x n ; x nC2 ; u/ Ä d .x n ; x nC2 ; x nC1 / C d .x n ; x nC1 ; u/ C d .x nC1 ; x nC2 ; u/.
Therefore, Again, by using the property (iv) of Definition 1,
As above, we can show that d .x nC3 ; x n ; x nC1 / D 0 and d .x nC3 ; x nC1 ; x nC2 / D 0, hence
Continuing in the same manner, we get for any integer p,
Hence fx n g is a Cauchy sequence in X and so by completeness of X, fx n g converges to a point´2 X .
Taking limit as n ! 1, we have
and by (4.2), d .´; T n´; u/ D 0 and thus T n´D´8 n.
To prove uniqueness of´, let w be another fixed point of T n , Then
for some k 2 OE0; 1/ as˛2 A. This gives´D w. for all x; y; u 2 X and for some˛2 A, where ' W OE0; 1/ ! OE0; 1/ is a Lebesgue integrable mapping which is summable (i.e finite integral) on each compact subset of OE0; 1/, non-negative and such that for each > 0, R 0 ' .t/ dt > 0. Then S and T have a unique common fixed point.
Proof. For an arbitrary point x 0 2 X , define a sequence fx n g X as follows:-T x 2n D x 2nC1 , S x 2nC1 D x 2nC2 for every non-negative integer n and for all u 2 X .
for some k 2 OE0; 1/ as˛2 A.
Consider,
By definition of function˛,
for some k 2 OE0; 1/.
From (4.8) and (4.9), we conclude that
Proceeding in the same way, we get
In general,
Now we claim that ı .x 0 ; x 1 ; x n / D 0 for all n 2 N . Clearly it is true for n D 0 and n D 1, let it be true for 1 Ä n Ä l 1, then
Thus we have,
Hence (4.10) and (4.11) implies, ı .x m ; x mC1 ; x n / D 0.
Taking n; m ! 1, we have R ı.x n ;x m ;u/ 0 ' .t/ dt D 0, and then ı .x n ; x m ; u/ D 0 as n; m ! 1.
Thus by condition (i), d .x n ; x m ; u/ Ä ı .x n ; x m ; u/ ! 0 as n; m ! 1.
So fx n g is a Cauchy sequence in X with respect to d and hence d x n ; x 0 ; u Á ! 0 for some x 0 2 X as n ! 1 and for each u 2 X . Since T is given to be continuous with respect to d , we have
From condition (iii), for each u 2 X we have, Then 9 Ä k:7, this is a contradiction, as k 2 OE0; 1. Hence T is not an A-contraction and T has no fixed point. 
